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SOME INVESTIGATIONS OF THE GENERAL INSTABILITY

03’ STII?I’ENZD METAL CYLINDERS

IV - CONTINUATION OF TZISTS OF SHEET-CC)VXRED SPECIMENS

~ND STUDIES 03’THE BUCKLING PHENOHENA - “ —

OF UNSTIFB’ENED CIRCULAR CYLINDERS

Guggenheim Aeronautical Laboratory
California Institute of Technology

This is the fourth of a series of rOpOrtS

coyering an investigation of the general
instability problem by the California
Institute of Technology. The first five
reports of this series cover investiga-

- tions of the ‘general instahili.ty problem
under the loading conditions of p“ure benfL-
i.ngand were Trepared under the sponso~-
ship of the Civil Aeronautics ~d”minlstra-
tion. The succeeding re>orts of this
series cover the work done on other load-,
ing conditions under the sponsorshi~ of
the National Advisory Committee ,for”Aero-
nautics.

.

INTRODUCTION

—

..
..._ .. ..

—. .- .-.-

.-.

This report is to deal primarily with the continua-
‘“tion of”te&ts of sheet-covered specimens and s“t-udiesof .
the buckling -phenomena of unstiffened circular cylinders. ,
The earlier work on this investigation of the pro?)lem of
general instability of stiffened netal cylinders at C.1.T.

.

has been reported in references 1, 2, and 3. Tests have
been completed on the first series of sheet-covered speci-
mens. The Iongitudinals” and frames of the’ sheet-covered”
specimens were identical to those of the wire-%raced spec-
imebs discussed in reference 3. The sheet covering was
in all cases O.010-inch 17’S-T dural. The longitudinal
spacing was varied from 2,53 t,o 10.12 inches and the
frame spacing from 1 to 16 inches. An attempt has-been

. .____
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made to correlate the experimental data of the wire-braced
and sheet-covered specimens. A detailed discussion ia
given in the discussion of the normal restraint coeffioi.ent

●

in this report. ~yder~s theoretical work has been applied
to thqee sp?ciqens. The results are tabulated in ta%le
111 and discussed in the body of the report. m

In addition to the results on the sheet-cove~ed spec-
imens, the results of an investigation on” axially loaded
thin-wall metal cylinders-will be included in this report.
As the preliminary work of this investigation was dis-

.

cussed In reference 28 only results of the more recent
work are included. An important finding of this investi-
gation has been the determinat-ion of the initial wave form.
It has been found that the initial wave form does not agree
with the uniform sinusoidal type of wave which has been
previously assumed for the theoretical solution, but is
elliptical.in shape, scattered at random through the cyl-
inder, and changes to a diamond shape as the load is in-
creased.

EX7?ERIMl!NTAL INVXSTIGA!??ION OF SHEET-COVERED SPECIMENS
&-

-—

#
As pointed out in reference 2, a number of sheet-

covered speclmpns were to be. -tested to determine whether
or not a cobrbiation could be obtained between the fail-
ing bending moments of the wire-braced and the eheet-
covered specimens. The construction of the sheet-covered
and wire-braced speoiinenb was essentially similar, the
only difference being that the wire bracing was replaced
by the sheet. Details of construction and test procedure
have been discussed in’ detail in reference 2 and will not _______
be repeated here.. .

Table I ‘gives “the Complete set of sheet-covered spec-
imens which have been t,ested, the number of frames and
longit.udinals in “each “specimen, the falling bending mo-
ment, the critical compressive longitudinal etress, and
the restraint coefficient. Specimens 25 to 28 were dis-
cussed in referenoe 3, and spec~me”ns 29 to 39 have been
tested since that report was ‘written.

Specimen 29 failed by p_anel instability; the tabulat-
ed compressive stress iS that at w~ich buckling between
frames started and corresponds to a moment of 66,000 inch-
pounds. Because of the symmetrical buckling of the lon-
gitudinals$ transferee stresses were set up in the sheet.
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As the amplitudes of the longitudinal increased, the
transverse stresses became larger -and the stabilizing ef-

< feet of the sheet increased. This’stabilizing effect of
the sheet on the longitudinal was quite evident at the
higher 16ads, as illustrated in figures 2 and 38, and _pre-

* v~nted collapsing of the specimen. The bending m~ment

was increased to 123,000 inch-pounds without any definite
failure. Specimens 28 and 34 started to fail by panel in-
stability; however, upon increasing the bendfng moment the
frames failed at. the talnilated t)ending moment. The l~ads

a? which .pan”elinstability occurred. were 140,000 ”and 45,000
inch-pounds , respectively. . . .

In figure”4 the cempressi.ve failing stress, which is
discussed later, ‘Is plotted as a function of the longitudi-
nal spacing ‘b, for constant values ef a/h, referred to

aS “aspect ratfo.’l It is of considerable interest to note
that each curve is displaced hy a contraction or e~ans$on
of the abscissa. .The regularity of this family of CU.TTS’S
would indicate that such a parameter exists that if the. .
compressive stress is plotted as a function of this param-
eter a single curve, would be obtained. If such a param-
eter cati %e” found, a limiting value could be established
which would indicate the transition region between panel
instability and”general insta.hility. A number of parame-
ters have been attempted, but as yet the resulis have not

In figure 37 the failing compres-been very successful. . ,
-: ....

‘“’: x+sive stress has been plotted as a function of

the parameter suggested by Dsch.oufs work. (See reference
1, p. 12). The resulting curve” indicates a linear rela-
tionship.

., ——

In calculating I
q

and I “,
~f

the fellowing assump-

tions were made:

1. The effective width of sheet acting with e.s.~h
longitudinal can be calculated hy Marguerrels equation, -

1Y
.-

‘0 9
.,

T ‘Za,.”’
where “- .“

ox longitudinal stress

(Jb buckling stress of sheet -

.-

..

—-

-. —--,
.,

.-.

.—
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2. ,The effective width of sheet acting with the frame
is equal,to the effective width of sheet acting with the
longitudinal.’

is.then the moment of inertia of the longitudi-%,
b.

nal plus an .effe-ctive width of sheet corresponding to the
longitudinal stress 0, and I is the moment of iner-

~f”
tia of the frame plus an effect~~e width Qf sheet equal to
that acting with the longitudinal. In view of these rather
arbitrary assumptions, too much confidence should not be
placed in this curve until further investigations have been
carried out on the effects-of changing the sheet tbickness~
and the stiffness” of the frames and the longitudinal.

Ryderls analysis could be applied only to three spec-
imens: namely, 25, 26, and 2’7, as the parameters of the
other specimens lie outside the range covered by the pub-
lished charts. The results for those three specimens are
given in ta%le III.’ In all three cases the calculated
panel instability stress is larger than the calculated
general instability stress; hence “the method predicted cor-
rectly the occurrence of general instability. The.pre-
dicted instability stress and the experimental value are
in good agreement for specimen 27; for specimens 25 and 26
the predicted stresses are considerably lower than the ex-
perimental stresses.

An extensive comparison between the theoretically
predicted general instability stresses and the experimen-
tally obtained stresses will he given after tests have
been conducted on specimens in which the sheet thickness
and the stiffness of the frames and the longltudinals
have %een varied. .

. .

MAXIMUM STRXSSES IN THE LONGITUDINAL

In the first sheet-covered specimens an attempt was
made to measure the stresses in the Iongitudinals with
Huggenberger extensometers. The stress measurements as
indicated by the curves in figures 13 to 16 have not been
very successful. Various methods Of attaching the in-
struments to the longltudinals have been tried; however,
the irregularity of the stress measurements has not been’
eliminated. A method of measuring the maximum s~resses
which has been adopted is to measure the over-all maximum

w“

*

—.

*
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deflections of the specimen by means of dial gages~ as
shown in the photographs (figs. 3 an&”38 to 47). If the
elastic modulus of the longitudinal and the over-all
strain are known, the stresses c-an be calculated. SincO
the radial deflections of the stiffeners are measure~ for
various increments of load, the maximum stress can %0
corre-c%ly calculated, even for oases in which radial de—
flection occurs, by means of the equation . .

,,

a stress, pounds per square inch

AL total over–all deflection, inches
.

L length of the specimen, inches
—

.
. .—

w radial deflection, inches

L
E

The expression —
J6

aw\= dx
is the correction for the .

211 </’
dofloction caused b; the”wa~e form of tho longitudina~s.
It has been found that , in general, the correction due
to %ho curvature (M/EI) is quito small; howev-er , for
casas in which the longitudinal buckle between frames,
tho correction bocomos quite appreciable. ~Qs-e correc–
ti”ons wore made in tho measured over–all d~flec-tibtis of-
spocimon 34. The results of this latter typo of stress
meaeuronont arc shown in figures 8 to 12$ in which tho
stress is plotted as a function of” the applied bending
momcllt. It is felt that those results are more reliablo
than those obtained trom the ex~eneome”t-er”readings. On a
disadvantage is that only .fihemaximum stre’ss”es are mctis-tired;
however , in the majority of cases onl-~ %~e maximum stressee
are 02 primary importance. ,

Qho coz:pressive stress curve in .figyre 12 is rather
intorost ing in that thr-oe def inite breaks occur’ in the
curve. It sooms logical to’ass~me that tho first break .

is duo to buckling of the shoot’ between lo~itudinals,
.— -——
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the secon~ to buckling of the sheet between rivets, and
the third to the stress exceeding the proportional limit
of the material,
.

A new mathod of calculating the actual stress which
occurs in the longitudinal of stiffened cylinders sub-
jected to pure bending has been recently-developed by
H. L. Cox (reference 4). Stress calculations based on
this method are in excellent agreement with the above-
described measured stresses. !Che tabulated stresses for
specimens 25, 26, and 28 were not measuredbut merely cal-
culated by this method; the stress for s~ecimen 28 was
calculated. on the basis of 168,000 inch-pounde bending
moment, assuming no buckling of the longitudinal.

w

.

—

I?HX NORMAII RESTRAINT CO?lYl?ICIXNT 2/8

The resistance of a stiffened cylinder to an exter-
nally applied radial load has been discussed in detail
in reference 3, As stated in the .co.ncluding remarks,

~.:

further experimental evidence’”was necessary to establish
the validity of P/a as a correlation ~arameter for the
wire-braced and sheet—coverod specimens. It was also ●

thought that this parameter might aid in predicting the
failing load of a specimen without applying any load to

.

the” structure other than the loads necessary to obtain
the l?/6 values. A plot of failing bending moment as
a function of .F./8 for all the sheet–covered specimens
and for a.number of tho wire-braced” specimens is shown
in figure 5. This plot indicates that the expected gen-
eral relationship does not hold, inasmtich as the failing
bonding moment is not only a function of 2/6 but also
varies with the longitudinal spacing. The linear re–
lationship, however, holds between certain limits. Tor
the sheet–covered specimens, the relation is linear with

.

the exception of the l-inch frame spacing, which is an
extreme case and can hardly be ex~ected to con”form---X or
the wire-braced epecimens the relationship is, in general,

G

nonlinear, It should be noted that for the 5.06- and
10.12–inch longitudinal syacing the values of F/& differ
by only a few percent. To investigate further the effect .

of longitudinal spacing, the P/6 value was obtained for
a specimen in which the .lmngitudi~al spacing was 50.6
inches – that is, only the top and the bottom ~ongitudinals .–—
remained. The curves of P against “6 .-for this specimen
and for a specimen having a 1.O..l2-.inchlongitu&inal spacing
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. . .

are.jshown in figure 7. The difference in the initial
slopes - that is, P/8, is only 5 percent. ‘The small
difference which exists in the P/8 value as the spac-
ing of the longitudinal is varied from 5.06. to 50.6
inches leads to the conclusion “that after a certain
longitudinal spacing, lying between 2.53 and 5006 inchest .
P/8 is no loriger a measure of “the resistance of the
specimen as a whole to an externally applied load but
rather the resistance of a single longitudinal- The
critical longitudinal compressive stress has also %een ....

plotted as a function of P/6 in figure 6. Only the
sheet—covered specimens having a 2,53- and a 5.06-inch
longitudinal spacing scatter around a comrn~ficurve.

There are, therefore, two difficulties in using
F/5 as a correlation parameter for the failing moment:

,

1. It is evident that the elastic characteristics
of the stiffened cylinder are. determined %y the longi-
tudinal and the circumferential stiffnesses. The maasure- ‘-
‘meritof 2/5 gives only something l~ke the mean stiff-
ness in these,two directions. If”the faiiing” mom’ent is
a function of the same mean stiffness, then the failin’~””
moment will be a function of ~/8 only. If this is not
true, then some other parameter like &/b (aspect ratio
of stiffening) must be used with E’/6. This is confirmed
by the experiments, as shown in figure 5.

., ____

It is also evident from figure 5 that the value
.Of P;; changes very slowly when the longitudinal spacing
is lqrge, while the failing ~oment changes very rapidly.
Thus the failing moment against P/a curve, at a constant
d/b ratio, is very steep when the longitudinal spacing
is large, Therefore, a small error in the P/6 deter-
mination gives a large errdr in the failing moment, It
should, however, be kept in mind that tho lo-inch longi-
tudinal spacing is already cansidera%ly larger than that
which would be encountered in practice for gqo–rn6trica~ly
f3qual structures.

At present, there is no,evidence of a reasona~le
correlation yarameter between the sheet-covered am the

——._.._

wire-braced specimens and it probably will be nec-essary
to continue the experimental’work with sheet-cove-r—e-d specim-
ens .
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DEFLECTION OF THE LONG I-TUDINALS

The deflection curves of the. longitudinal, after
fai2ure oi’ the specimens are shown in figures 1? to 34K
A marked difference has been observed in the type of
failure of the wire-braced and sheet-covered “specimens.
Yailure of the wire-braced specimens was in general a
gradual process - that is, the speciaens tend to approach
a me,xinum bending moment .in an asymptotic manner. The
failure, however, of the sheet-covered specimens is char-
acterized by a sudden and violent collapsing, of the spec-
imen. The radial deflection of the longitudinal, for
longitudinal spacings less than 16 inches, is practically
zero up to the failing load. A ‘number of photographs
(fi~s. 38 to 47) also are included to illustrate further
the failure pattern of the longitudinal and the frames.

JUIPERIMXNTAL INVESTIGATIONS ON COMPRESSIVE FAILING

In the discussion of the strength of axially loaded,
unstiffenod cylinders (reference 1) it was pointed out
that a very poor ,agreement exists between ezporimental
results and those calculated by the classical buckling
theories for circular cylinders. This was especially
true foh large values of R/t. It was also. found that
v.or”ylittlo information was.available on the effect of
length, particularly for values of’ L/R< 1.
..

In view of the need for additi-onal information con-
cerning thoee two parameters a sy,stomatic investigation
was cai”ried out on steel cylinders in which the R/t
ratios were higher than had been pl’dviously investigated
and on cylinders whoso lengths woro loss than the radius.
Tho specifi’c parameters involvod in this investigation
wcma:

1. the radius-thickness ratio R/t

2. tho Iongth–radius ratio i/R

e’ .

P
-:

m

3. the critical stress-elastic modulus ratio o/E
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Tho syocinens tasted w.oro s,11 fabricated from standard
shim stock steel in wa.ich the norminal thickness was
vs,riod from 0.002 to 0.009 inch. Since tho fabricated
cylinders had a radius of 6.375 inches the R/t rango
varied. from ?50 to 3000. The L/R ratio was varied
from 0.1 to 1.5”.

The ends of the test cylind.& were rigidly clamyed
into ste.sl end ~lates, giving fixe& end sup>ort to the
axial fibers- of the cylinder. The test apparatus is
shown in figures 48 and 49. The load was app,lied %y
means of the screw jack and transmitted through, the rin”g,
which neasures the load, to the cylinder. TO prevent any
ho~izontal components of load, the ring was mounted on a
spheri.caZ ball joint .

The test results ~-e shown in figures 35 and 36,
in whic:h D/E is pJ.ott&d as a function of L/R for con-
stant values of R/t.

wh ere

G, failing stress, pounds per square inch, ..- ..

E Young~s nodul=s, pounds per” squar% inch

.._

—

An empirical equation was developed to fit the experimental
points. The. equat ion is essentially of the same form as
the Wagner empirical design for’mula (reference 5), inasmuch
as the variables used are t/R and “t/L; however, the. co-
efficionts and exponents have been modified. to read:

o
- = 9(t/R) 106+ 0.16 (t/L)l’3
E .-

A plot of this equation for values of It/t and L/R
corresponding to “the range of the bxpe”fime~tal investi-
gation is shown by the curves in figures 35 and 36. For
valuas of L/E greater than 1’.5 experitierital.results “
indicate that u/E

.
is for all practical purposes a c~—

stant.
., .,-

These oxperimontal results are again at variance
with the theoretical investigation of W. Ylflgge as cited
by S. Timoshonko. (See reference 1.) The classical theory
of W. l?,liiggeshows that the llength effect is negligible .—
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until. L /mR is lower than 0.2; whore m is the number
of half-waves in the a“xial direction. Since the edges
of tho tmst spocimons worp clamp ed., it is evident that
m = 2 for the short cylinders. According to the clas-”
sic.sl theory, thoreforo, tho langth effect is negligible
until L/3 is less than 0.4. This is anothor failuro
of the classical theory of thin shells to predict cor-
roctly tho ‘oohavior of buckling phenomena.

Sinco the physical prop~rtios of the shim stock “
varied for ovcry thickness, it.was necessary to &otcr-
mino oxporim ontally the modulus of. elasticity for each
thickness. Tho results aro tabulated in ta%le 11. Tho
stress—strain relation was obtained f-or the material in
tension: tho tension load wa~ applied, with reference to
the grain structuro of the material, in the same dlroct ion
as the compression load in tho test cylinder.

DETAILED STUDY 03’BUCKLING PHENOMENA

OF CYLINDRICAL SHELLS

Tho relatively large discropaficios botwoon tho thoo-
rotically predicted and the oxperimont ally obtained buck-
ling loads havo lod to the conclusion that some of the
assumptions made in the thoo~t ical troatmcnt of tho pro b-
lom may be at variance with the actual conditions. Honco,
to obtain a bettor understanding ox the mechanism involvod
in tho failure of thin-wall cylinders, it was f elt that it
would be dbsirablo to dotormino the exact shapo of the
initial waves which appear in tho test cylinder. This was
accomyl ishod by rostra tning the loading mechanism so that
any dosircd over-all do floct ion coVld bo maintained at
any stago of tho loading.

The test apparatus is shown in figures 50 to 52.
The threo upper set screws afford adjustment of the load-
ing head and rest on a 3/4-inch. plate. This plate, in
turu, is hold in positio~ by three l/2-inoh screws ~ost-
ing on the base plate and turned by means of the .goar
system shown. This lowers or raises the 3/4–inch plate
as dos irod. The small 2-inch central gear, which turns
tho thr”ee 5-inch, dianetor gears, can be oxtornally oporatod,
In this manner the motion of the loading head can be arrost-
od at- any desired position during loading of tho specimen.

i-
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!Che progressive change in the w,a~e shape and the wave
pattern is indicated in ‘figure”s 53 to 64. !l!hefirst speci-
men, designated as C-1 to 0-6 in the figures , was 9 inches
long with a 0.0034-inch wall thickness. The second speci-
men, 0-8 to C-13, ~as 6 inches long with a O. 0034-inch wall
thickness.

It should be noted that the wave pattern does not agree ‘-

..

with the uniformly distributed sinusoidal tfie of wave which
has been previously assumed for the theoretical solution.
The initial wave form is elliptical in shape and scattered.
at racdon through the specimen, As the load is increased,
the waves tend toward a diamond shape and move to a more
uniforn configuration. The discrepancy between the actual
and the assumet wave form may ac60unt for the large d.fffer—
ence in the theoretically predicted and the experimentally
obtained buckling load.

. .

Guggenheim Aeronautical Laboratory,

1.

2.

3.

4.

5.

California Institute of T!echnology~
Pasadena, Calif. , September 1939.

.
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T?ABIIE II

VARIATIONS OF YOUNGIS MODULUS

WITH THICKNESS
.

Nominal thickness Young~s modulus

(in.) .. (111/sq in.)

0.002 33.5 x 106

.003 32.0

.004 32.4

.005 31.5,.

.006 30.6

.0085 29.0

. .

13

-*

.
,

.,

.-
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Longi-
tudinal

spec-spaeing,
imen

“(L.)

26
I

2Q53,

Franc
spac-
ing

(i:.)

2

4

~

43x. c2m-
?ressive
stressat
failure,

%) eq

25,600

19,400

16,200

TABLE 111
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